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Abstract

We give a general method for constructing a 
concrete deterministic strategy of  Reality from a 
randomized strategy. The construction can be 
seen as derandomization.



Derandomization



Randomized algorithm is everywhere. 

Numerical analysis: Monte Carlo Method etc. 

Complexity theory: BPP 

Statistics: mainly due to Fisher



We sometimes want a deterministic strategy 
rather than a randomized strategy, because we 
can not construct a real random sequence. 

There are lots of  work in complexity theory.  

Is Monte Carlo Method mathematically correct? 
See the work by Hiroshi Sugita at Osaka Univ.



Derandomization

Can we always derandomize? Is there a general 
method? 

Yes, we can, in game-theoretic probability.  
Use the technique of  algorithmic randomness.



SLLN in GTP









Skeptic’s strategy

How to construct? 

One way is that, find a measure-theoretic proof, 
“translate” into a proof  via martingales (this part is 
sometimes non-trivial) and further “translate” into a 
game-theoretic proof. 

New ideas sometimes make proofs much more direct and 
simpler.



Reality’s strategy

How to construct? 

Not straightforward.









Do we need to come up with a new strategy every 
time for another theorem? 

How related are Kolmogorov’s strategy and 
Reality’s strategy? 

If  we have a general way to transform the 
strategy, we will have a strong method for 
derandomization.







The strategy (in particular the value d) is 
constructed by Kolmogorov’s randomized 
strategy. It is NOT by trial and error!!



Idea of  construction

(I) Take a randomized strategy 

(II) Construct a strategy of  Skeptic that forces the 
random event. 

(III) Construct a strategy of  Reality using it.



Step (I)

(I) Take a randomized strategy 

This is Kolmogorov’s strategy in this case. We 
also need its proof. The proof  uses Borel-
Cantelli’s lemma. 

This reminds me of  program extraction of  
intuitionistic logic



Step (II)

(II) Construct a strategy of  Skeptic that forces the 
random event. 

We know that an event happens almost surely 
when the probability is the given one. Then, we 
can construct Skeptic’s strategy that forces the 
event. In this case we constructed a simple 
strategy that forces the Borel-Cantelli lemma.



Step (III)

(III) Construct a strategy of  Reality using it. 

We can do that because, if  Skeptic can force an 
event, then Reality can force the event.





Stronger results



Future work
We can construct a sequence random enough for 
a specific purpose. For instance, if  you give me a 
countable list of  limit theorems and their game-
theoretic proofs, I can construct a random 
sequence that satisfies all properties. Now we 
have a practical reason to give game-theoretic 
proofs!! 

We are looking for applications worth examining.



Thank you for listening.


