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Abstract
Day traders, traders for financial institutions, and corporate executives sometimes appear to do better than chance only because the risk of large losses is
hidden or overlooked. As students of casino gambling know, one way to obscure
the risk of large losses is to bet more when you losing and less when you are
winning. Casino betting strategies that did this were called martingales in the
19th century. Traders in financial instruments also sometimes martingale; in
fact, they are martingaling whenever they respond to a margin call. The martingale index, as defined in this paper, provides a rough but convenient way of
measuring the portion of the expected return of a gambling or trading strategy
due to martingaling. We calculate the martingale index for some popular casino
strategies and also for some strategies that might model the behavior of some
traders in S&P 500 futures, stocks, and VIX futures.
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1

Introduction

Although there are many sophisticated ways to measure financial performance,
the simplest and most widely used measure is the simple return—the gain of an
investment divided by the amount invested.
Unfortunately, the notion of a simple return can evoke a misleading mental
picture. In this picture, the amount invested is a constant, while the amount
gained is random. In reality, the amount invested may also be random. The
venture capitalist who reaps a princely return from a start-up may not have
known at the outset how much money he would need to invest. The investment
eventually required by a capital project launched by a corporate executive may
be equally random. A trader, like a gambler in a casino, may not know at the
beginning of the day how much money they are going to risk. A hedge fund
may raise more capital in order to hold a position.
Students and teachers of finance need concepts for understanding and explaining the opportunities for self-deception that arise from randomness in the
denominator of a simple return. We can find some help in the history of betting
systems in 19th century casinos, as discussed in [18] and [7].
Patrons’ self-deception can be part of a casino’s business model. In a game
such as Roulette, the house takes on average a fixed and known fraction of
every bet, just as a broker takes a fixed and known fraction of every trade in a
financial market. A player may deliberate about whether to bet on red (perhaps
it is hot) or black (perhaps overdue), just as an investor may deliberate about
whether to go long or short in a financial security. But the house does not care
whether players bet on red or on black; the important thing is that they bet
and keep betting. So casinos have not always been above touting systems for
betting that help players convince themselves that they can beat the odds.
These casino betting systems were called martingales. This name was attached particularly to systems that seem to produce modest but apparently
consistent winnings in spite of the house’s advantage. In particular, they produce a positive expected return. The key to achieving this is to bet more when
you lose, less when you win. This can lead to a disastrous loss, but for the most
deceptive systems this possibility is not so obvious and has a small probability.
The systems also told the player when to bet on red and when to bet on black;
the player may think this crucial, but the mathematician knows that it makes
no difference.
Rather than betting more when you lose, you can instead bet more when
you win, using the winnings from your bet to do so. A system that does this was
called a paroli. If you continue reinvesting your winnings for several rounds, you
will multiply the money you put on the table by a great deal, but the probability
of achieving this is very small. A paroli seems to be the opposite of a martingale.
It risks a little for a small probability of a large gain, as opposed to taking a
(perhaps disguised) large risk to gain a little with high probability. But if you
try a paroli and lose, it is tempting to try again and to keep trying until you
win. Then you are martingaling.
This paper introduces an index, the martingale index, that measures the
1

extent to which a betting or trading strategy is martingaling. The index is zero
for a strategy that never puts more money on the table, but it is positive for
martingales that add capital when they are losing. It can be interpreted as the
deceptive portion of the expected return. Like the expected return, it can be
stated as a percentage.
The martingale index can help us teach and understand opportunities for
self-deception in financial and business investment. It can help us put the success
and failures of entrepreneurs and corporate executives in context. It can help
us warn day traders against some of their temptations. It may even help some
financial institutions evaluate their own traders more soberly.
The martingale index is a property of fully and precisely defined strategies.
Do traders and businesses consciously formulate and follow precise strategies?
Generally not. They are usually more opportunistic. But such strategies can
sometimes describe patters of behavior that are encouraged by human emotions
and human institutions. Doubling down when you are behind is one of these
strategies, encouraged by both by human pride and practices, such as margin
calls, that invite it. So we can gain valuable perspective by understanding just
how strong an effect martingaling strategies can have in different financial and
business situations.
In §2 we define the martingale index and calculate it for two toy examples
of business strategies that have negative expected gain but positive expected
return.
In §3 we estimate the martingale index for some of the simplest and most
popular casino betting systems. For the d’Alembert, perhaps the most popular
system in the 19th century, we find values of the martingale index so high that
they can turn a house advantage into expected returns of nearly 100% and
probabilities of gain as high as 97%. In the case of American Roulette, for
example, where the house advantage is more than 5%, a d’Alembert that stops
when the gambler has tripled her initial stake has a martingale index of over
200%, and this delivers an expected return of over 90% and a probability of gain
of over 90%.
In §4, we turn to martingaling with financial instruments. Whereas each bet
on red or black in the casino is an all-or-nothing bet (you lose what you bet
or double it), you seldom lose your entire investment in a financial instrument
during a single investment period. So we find much smaller martingale indices
and expected returns. We nevertheless find expected returns high enough and
consistent enough to contribute to a trader’s believing that he has discovered
how to predict the movement of a stock price or market index. We consider
three examples: trading in S&P 500 futures on margin, picking stocks, and
using VIX futures to bet on volatility’s mean reversion.
In §5, we summarize the value of the martingale index for finance research
and financial education.
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2

Definition and first examples

In this section we define the martingale index and give two simple examples of
martingale behavior.

2.1

Defining the martingale index

If a money manager has no insights or opportunities that would allow them to
do better than chance, then we would expect them to achieve an average return
of zero or less on average. To formalize this mundane thought, let K be the
amount managed and G the net gain, both measured with the market portfolio
as the numeraire.1 Then if the manager can do no better than chance relative
to the market, we may suppose that E(G) ≤ 0 and hence E(R) ≤ 0, where
R=

G
K

(1)

is the return.
This reasoning depends, of course, on the assumption that K is a constant
rather than a random variable. If the manager’s strategy involves risks that
might require the injection of more capital, so that K is random, then the
expected value of R is


 
1
1
E(R) = Cov G,
+ E(G) E
;
(2)
K
K
this follows from the elementary formula for covariance: Cov(X, Y ) = E(XY )−
E(X)E(Y ).
If the manager raises new capital only when things are going badly, then
K will be larger on average when the final gain G is small or negative, and
Cov(G, 1/K) will be positive. If Cov(G, 1/K) is large enough, it can make
the expected return E(R) positive even when E(G) is zero or negative. We
call investing more capital when things go badly martingale behavior, and we
call Cov(G, 1/K) the martingale index. In light of the decomposition (2), the
martingale index is a rough but useful measure of the portion of the expected
return due to the random nature of the capital K put on the table. We denote
the martingale index by M:


 
1
1
M = Cov G,
= E(R) − E(G) E
(3)
K
K
Like the expected return E(R), the martingale index M is invariant under
changes in the unit of measurement: if such a change multiplies G by c, then it
multiplies 1/K by 1/c and thus leaves all three terms in (2) unchanged.
1 Suppose S and S ′ are the values in dollars of the manager’s fund at the beginning and
end of the period, while M and M ′ are the values of the market portfolio in dollars at the
beginning and end of the period. Then K = S/M and G = (S ′ /M ′ ) − (S/M ). See [14].
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In both (1) and (2), we assume that K ≥ −G; the manager is not allowed
to make a bet without putting on the table the amount needed to cover the
greatest possible loss. It follows that R ≥ −1. If the manager’s bets are not
sure losers, this implies that E(R) > −1. But there is no upper bound on E(R)
even when E(G) ≤ 0.
We emphasize that M is a property of the manager’s strategy. This strategy,
along with the probabilities for the outcome of each bet when it is made, determines the joint probability distribution for the random quantities in (2). The
assumption that a manager has a strategy is usually rather theoretical; people
seldom plan their future behavior thoroughly. But it is a useful fiction, as it can
help us understand the implications of certain kinds of behavior.
It is usually reasonable to assume that the number of bets, though it may not
be known in advance, is bounded by some integer known in advance, and that
there is a maximum value of K, which we may denote K. This is the greatest
amount the strategy would ever need to put on the table, or equivalently the
most it could ever lose. It might be more honest to give the name “return” to
G/K and to give G/K a more mistrustful name, such as “apparent return”.
But this paper is about G/K, not G/K, and so we will stick with calling G/K
simply the “return”. This is consistent with financial practice. When we have
occasion to consider G/K, we will call it the strategy return, and we will call
E(G/K) the expected strategy return.

2.2

Two simple examples

To illustrate the decomposition (2) we now look at the martingale index for
two examples involving just two rounds of investments. As we will see in §3,
the misleadingly positive numbers in the first example — the high probability
of success and high expected return from bets that are disadvantageous — can
appear in more exaggerated form when there are more rounds of betting.
2.2.1

An executive’s martingale

Suppose a corporate executive follows this strategy:
 the executive first invests 1 in a project that either produces a net gain of
1 (probability 1/4) or requires an additional investment of 3 (probability
3/4), and then
 with the additional investment, the project produces either a net gain of
1 (probability 2/3) or a loss of the entire investment (probability 1/3).

The pair (K, G) has this joint distribution:
 with probability 1/4, K = 1 and G = 1, and hence R = 1,
 with probability 1/2, K = 4 and G = 1, and hence R = 1/4,
 with probability 1/4, K = 4 and G = −4, and hence R = −1.

4

We see that K = 4, and we find
E(G) = −1/4 = −0.25
E(1/K) = 7/16 ≈ 0.44
E(R) = 1/8 = 12.5%

E(G/K) = −1/16 = −6.25%
M = 15/64 ≈ 23.4%
P(R > 0) = 3/4 = 75%

In spite of its negative expected gain, the strategy has a positive expected return
and a good probability of a positive return.
2.2.2

An entrepreneur’s paroli

Suppose an entrepreneur follows this strategy:
 the entrepreneur first invests 1 in a project that either produces a net gain
of 1 or a loss of the investment, with probabilities 1/2 each, and then
 if the project produces a net gain, the entrepreneur raises additional capital of 2 and invests it along with the 2 already on the table (the initial
investment of 1 and the additional 1 gained). This new investment of 4
either returns 15, for an overall net gain of 12 (probability 1/4) or loses
everything (probability 3/4).

Then (K, G) has this joint distribution:
 with probability 1/2, K = 1 and G = −1, and hence R = −1,
 with probability 3/8, K = 3 and G = −3, and hence R = −1,
 with probability 1/8, K = 3 and G = 12, and hence R = 4.

We see that K = 3, and we find
E(G) = −1/8 = −0.125
E(1/K) = 2/3 ≈ 0.67
E(R) = −3/8 = −37.5%

E(G/K) = −1/24 ≈ −4.2%
M = −7/24 ≈ −29.2%
P(R > 0) = 1/8 = 12.5%

This paroli has a negative martingale index because it puts more money on
the table when it wins. The size of the negative martingale index signals that
most to the large negative expected return is due to this randomness in the total
investment.

3

The martingale index in the casino

Like many of today’s investors, most gamblers in a casino do not follow a betting
strategy defined in advance; they decide how to bet as they go along. But as we
noted in the introduction, many gamblers have been seduced by betting systems
that seem, at first, to produce reliable winnings. In this section, we calculate

5

the martingale index for three of these: constant bets, the classic martingale,
and the d’Alembert.2 We take account of the house’s advantage.
Recall that a bet in which you pay a constant K and get a random amount
H in return is said to be fair if E(H) = K, advantageous if E(H) > K, and
disadvantageous if E(H) < K. If
E(H) = (1 − α)K,

(4)

then we call α the house’s advantage. It is the fraction of the money put on the
table that the house takes in the long run when the bet is repeated.3
The casino strategies we consider use only even-money bets—i.e., bets in
which you win or lose some fixed amount K. This means that you pay K for a
random amount H that is equal to either 2K or 0. If the probability of winning
is p, then E(H) = 2Kp. Comparing this with (4), we see that α and p are
related by
1−α
.
(1 − α) = 2p, or p =
2
The classical casino games are disadvantageous to the player; α > 0. But
we will also consider fair (α = 0) and advantageous (α < 0) bets, because these
may arise in the financial settings we discuss in §4.
These three values of α are particularly relevant to the classical casino games:
 α = 0.01, approximately the house advantage in Trente et Quarante, the
classical casino game least disadvantageous to the player
 α = 1/37 ≈ 0.027027027, the house advantage in European Roulette
 α = 2/38 ≈ 0.052631579, the house advantage in American Roulette

Play can be very fast in casinos; in Roulette you might be able to play 600
rounds in a day. But some of the strategies we mention cannot be implemented
because of the casino’s limit on the size of a bet. This limit was typically no
more than 100 times the minimum bet in the early 19th century, and no more
than 1000 times in the late 20th century. The limit was sometimes extended
when a player wanted to double their bet.
The simple betting systems that we consider in this section become fully
defined strategies only when we specify a stopping rule. One attractive stopping
rule, obvious but hard to implement, is to stop when you are ahead. Doing this
precisely — i.e., setting a goal and really stopping if and when you achieve it —
is enough to create a mild martingale, because stopping after you win is a way
of betting less after winning. So we begin our exploration of casino strategies,
in §3.1, by studying the martingale index for a strategy that keeps its bet size
2 For details on these and many other betting systems, see [9, 18] and the many references
therein.
3 The gambler’s gain G being H −K, we see that the E(G/K) is −α. In words: the expected
strategy return is minus the house’s advantage. This remains true for all the casino strategies
we consider.
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Figure 1: Cumulative excess of red outcomes over black outcomes observed in
plays of three casino games, published by Jacques-Joseph Boreux (1755–1846)
in 1820 [19, Plate VI]. This is probably the first graph of a random walk ever
published. Source: Bibliothèque nationale de France.
constant and stops either when it achieves a specified modest gain or after some
specified number of bets.
In §3.2, we consider the classical martingale, which doubles its bets after
every loss, up to some limit.
In §3.3, we consider a more subtle martingale, the d’Alembert. Also called
the gradual martingale, this betting strategy was probably the most popular
martingale in the 19th century; with the right stopping rule, it achieves a positive expected return with very high probability while disguising its potential for
large losses.

3.1

Constant bets

The simplest way to gamble in the casino is to make the same even-money bet
over and over. The resulting cumulative gain is a random walk, as in Figure
1. The past century produced an immense literature on the random walk,
but we consider only some very simple points, most already understood by the
draftsman who produced Figure 1 two centuries ago.
To make constant betting a strategy, we need a rule for stopping. A natural
rule is to stop when you reach a certain goal, say g, for your gain G. This
produces a positive expected return, because stopping when you are ahead (but
continuing to increase K when you are behind) creates a negative correlation

7

Figure 2: Constant bets:
expected return and martingale index as functions
of the house’s advantage α
when you stop when you
are 1 unit ahead or after
50 bets, whichever happens
first.
Figure 3: Constant bets: expected return, martingale index, and probability
of gain as functions of the maximum number of bets Nmax when you stop as
soon as you are 1 unit ahead and the house advantage is 1/37 (as in European
Roulette).

between G and K and a correspondingly positive value of M.
We will emphasize the case where g is 3 or less. Many gamblers will take
it for granted that this goal will be reached very soon. But in fact there is a
non-negligible probability that it will not be reached after hundreds of rounds.
So we need to set a limit on the number of rounds, say Nmax . Our rule, then,
is to play until G is first equal to g or Nmax rounds, whichever is sooner.
Table 1 and Figures 2 and 3 and provide some detail on what such strategies
can achieve. We obtain the most impressive results, of course, with the very
modest goal of g = 1. We see from Table 1 that when g = 1 and Nmax = 50,
the probability of a positive return is above 80% for Roulette and Trente et
Quarante, and the expected return is substantial even when the house advantage
is 20%. Figure 2 shows the rapid growth of the martingale index and the
corresponding slow decline of the expected return as α increases. Increasing α
does not affect the pairs of values (G, 1/K) that can occur, but it gives a greater
probability to the cases where G has a large negative value and K is large and
positive, thus increasing M, their covariance. This effect, together with the
8

Table 1: Estimated martingale index M, expected return E(R), and probability
of a positive return P = P(R > 0) for several values of the house advantage
α and the goal g for constant betting and Nmax = 50. Estimates are based on
one million replications and rounded to two significant figures. (By definition,
M = E(R) when α = 0.)
α\g
0
0.01
1/37
2/38
0.2

1
2
M E(R) P
M E(R) P
0.56 0.56 0.89 0.84 0.84 0.78
0.62 0.55 0.87 0.90 0.81 0.76
0.73 0.52 0.86 1.02 0.75 0.74
0.90 0.49 0.83 1.20 0.66 0.69
2.28 0.22 0.66 2.26 0.13 0.43

M
1.01
1.06
1.16
1.32
1.83

3
E(R)
1.01
0.95
0.86
0.73
−0.02

P
0.68
0.66
0.63
0.57
0.28

decrease in E(1/K) in the second term of (2), makes E(R) less sensitive to an
increase in α than we might at first expect.
Figure 3 shows how E(R), M, and P(R > 0) vary with Nmax for g = 1 and
the house advantage in European Roulette, α = 1/37 ≈ 0.027. We see that
E(R) and P(R > 0) do not increase very quickly after the first 20 rounds.
Most gamblers who set out to bet until they are 1 ahead have not done these
calculations and do not think they will ever need to bet 50 or 60 times, being
overly optimistic about how soon she can expect the recover from an initial loss.4
But the probabilities P(R > 0) in Table 1 are not high enough to sustain belief
in the strategy very long. Even if she maintains the discipline to stop when only
1 ahead, a gambler is likely to have an unpleasant surprise relatively soon when
she tries the strategy several times. If she tries it 5 times in European roulette,
it is more likely than not that she will be behind after 50 bets at least once;
(0.86)5 ≈ 0.47. As we will see in §3.3, the d’Alembert lends itself much better
to self-deception.

3.2

The classic martingale

Double your bet when you lose. This betting strategy, no doubt as ancient as
money, was the first to be called a martingale [18]. We may call it the classic
martingale. It has a positive martingale index.
We may assume that you begin by betting 1, and it is implicit that you
stop as soon as you win, but to fully define the strategy we must specify a
number of rounds, say N , after which you stop even if you have not yet won.
If N is reasonably large, then you are almost certain to win; you lose only with
4 As

William Feller noted in his classic book on probability [11, p. 78], people are surprised
to learn that there is an 8% probability that the number wins and losses will not equalize
within 100 trials, even when the game is fair. This means that there is a 4% probability that
the gambler will lose the first bet and still be behind after 100 trials, perhaps by a good deal.
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probability ((1 + α)/2)N . But if you lose on all N rounds, you lose
K = 1 + 2 + 22 + · · · 2N −1 = 2N − 1,
which is very large even for modest values of N . As 210 − 1 = 1023, the strategy
cannot be implemented for N = 10 in a casino that limits the size of a bet to
1000 times the minimum bet.
When you do win, you win only 1; if you lose n rounds, where 0 ≤ n ≤ N −1,
and then win on round n + 1, your net gain G is
G = 2n − (1 + 2 + 22 + · · · 2n−1 ) = 1.
So the argument that the strategy is almost sure to win can lure only the most
gullible into the casino.
The expected net gain is of course zero if α = 0 and negative otherwise:
E(G) = 1 − (1 + α)N .
The expected return is
n−1 

 
N
N 
X
1−α
1
1+α
1+α
−
.
E(R) =
2
2
2n − 1
2
n=1

(5)

(6)

When α = 0, (6) reduces to
E(R) =

N
X
n=2

2n

1
,
−1

which is equal, to two significant figures, to 0.61 when N > 9. In general, (6) is
positive except when N = 1 or α is very large; see Table 2.
We can also write a formula for E(1/K):
  X
n−1 

 
N 

N 
1+α
1
1−α
1
1+α
1
E
=
+
. (7)
K
2
2
2n − 1
2
2N − 1
n=1
The martingale index can be computed from (5), (6), and (7). It is positive
when N > 1.
Figure 4 and Table 3, illustrate how the properties of the classic martingale
are affected by the house’s advantage. We see that the extent to which even
large house advantages dampen E(R) and P(R > 0) is surprisingly slight. The
increasingly deceptive character of E(R) and P(R > 0) is measured, we might
say, by the increasing value of the martingale index. This is consistent with the
pattern we saw for constant bets.
While the classic martingale gives the gambler a much greater chance of
winning than the strategy of constant bets, its obvious potential for huge losses
limits its attractiveness. It is typically the resort of the desperate, who have
blundered into a loss already too large to digest while believing that they were
playing safer strategies. But if they resort to it a few times and succeed each
time, they may be tempted into even wilder play. Nick Leeson, the trader who
brought down Barings Bank in 1995, was in the habit of extracting himself from
disasters by repeatedly doubling his bet before he turned to outright fraud [10].
10

Table 2: Values of α for which the classic martingale has a positive expected
return E(R), as given by (6).
N
1
2
3
5
10
15
20

E(R)
−α
−4α2 −12α+4
12
2
6α
− α7 − 10α
21 − 7
3

+

10
21

-

E(R) > 0
never
√
if α < 13−3
≈ 0.30
2
if α < 0.44
if α < 0.57
if α < 0.71
if α < 0.78
if α < 0.81

Table 3: Estimated martingale index M, expected return E(R), and probability
of a positive return P = P(R > 0) for the classic martingale for N = 5 and
N = 10 and several values of the house advantage α. Estimates are based on
two million replications and rounded to two significant figures.
α\N
0
0.01
1/37
2/38
0.2

5
M E(R) P
0.58 0.58 0.97
0.60 0.57 0.97
0.64 0.56 0.96
0.71 0.54 0.96
1.19 0.43 0.92

10
M E(R) P
0.61 0.61 1.00
0.66 0.60 1.00
0.78 0.59 1.00
0.97 0.58 1.00
3.11 0.50 1.00

Figure 4: The classic martingale: expected return, martingale index, and probability of gain for N = 5.
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3.3

The d’Alembert

The history of the d’Alembert is recounted in [18], and it is compared to other
popular casino martingales in [7]. It was sometimes called the gradual martingale. Like the classical martingale, it delivers a small gain with high probability,
but it does so in a gradual way that disguises the danger of large losses. We
single it out here from the multitude of 19th-century casino martingales because
it was so notorious for its ability to seduce. If you set a modest goal, say a gain
of only one or two or three units, you are very likely to experience an amazing
string of successes before you encounter a disaster.
To play the d’Alembert you first bet 1 and then, on successive rounds:
 if you lose, increase your bet by one unit, and
 if you win, decrease your bet by one unit unless it is already one unit.

To make it a strategy, we must specify a stopping rule. As with the constant
bet, it is natural to use a rule that stops after reaching some goal g for the gain
or after Nmax bets, whichever comes first.
Hawkers who used the strategy to attract players into their casino often
suggested that the player stop when they are a few units ahead, because the
chances are so high for this happening the first few times the strategy is tried.
Their supposedly sage advice: settle for small gains each time, be prudent, take
a break if your luck cools.
For players who fancied themselves mathematicians, a hawker might suggest
that when they lose they should keep playing until the number of wins and losses
equalizes; everyone knows that this will happen eventually, and as the following
proposition shows, the player will then be ahead by the number of wins.
Proposition 1. Starting with a round of the d’Alembert that you lose, suppose
you continue playing until the first time your losses and wins, counting from
that loss, are equal. If the number of rounds played, counting from that loss, is
2n, then your net gain from these 2n rounds of play will be n.
See [9, pp. 289–292] for a proof. The expectation that the wins and losses
will equalize can be compared with the equilibrium in physics explained by
“d’Alembert’s principle”; thus the name “d’Alembert’s martingale”. There is
no evidence that the famous savant Jean Le Rond d’Alembert ever encountered
or used the d’Alembert.
Figures 5 and 7 and Table 4 give some quantitative details on the d’Alembert
with Nmax = 50 and g = 2 or g = 3. The system’s very high probability
of success is, of course, the key to its seductiveness. In the case of Trente
et Quarante, according to Table 4, the probability of a positive return with
Nmax = 50 and g = 2 is approximately 0.97, so that the probability of winning
each time if you try it five times is approximately (0.97)5 ≈ 0.86. As the
expected returns indicate, the five wins usually would not require taking very
much out of one’s pocket. Many a novice found their initial success convincing
evidence that they had found either the key to beating the odds or else a durable
streak of good luck.
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Figure 5: The d’Alembert
with g = 2, Nmax = 50:
expected return and martingale index as functions of
the house advantage α.

Figure 6: The d’Alembert
with g = 2, house advantage
α = 1/37, Nmax = 50: distribution of returns in five
million replications.

Figure 7: The d’Alembert
for g = 2 with house advantage α = 1/37: expected return and martingale index as functions of
Nmax .

.
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Table 4: Estimated martingale index M, expected return E(R), and probability
of a positive return P = P(R > 0) for the d’Alembert with Nmax = 50 and
several values of the house advantage α and the goal g. Estimates are based on
100,000 replications and rounded to two decimals.
α\g
0
0.01
1/37
2/38
0.2

4

2
M E(R) P
0.85 0.85 0.97
0.99 0.84 0.97
1.27 0.81 0.96
1.79 0.77 0.94
8.10 0.49 0.81

M
1.04
1.19
1.50
2.05
7.87

3
E(R)
1.04
1.01
0.97
0.91
0.49

P
0.96
0.95
0.94
0.92
0.74

The martingale index in finance

A player in a casino can bet on red or black. A trader in a financial market
can bet on a given security’s price going up or down. Both can martingale by
betting more when they are losing. But there are differences.
For one thing, financial bets are not all-or-nothing. When you bet a certain
amount on red or black, you lose what you have bet or win an equal amount.
A trader who takes a position in financial securities may gain or lose many
different amounts. This slows down martingaling, because a longer sequence of
bets may be needed in order to create the risk of a large loss. The martingale
indexes that we will find using financial instruments are one or two orders of
magnitudes smaller than those we found in the casino.
Many financial markets offer the possibility of trading on margin, however,
making it easier to take large risks quickly. Margin calls, moreover, are invitations to martingale; they call on the trader whose position is losing value to add
more capital merely to maintain their position.
Financial markets also differ from casinos in the opportunity the trader has
to base trading decisions on extensive information. One spin of the Roulette
wheel follows the next very quickly; the player has no time to gather information
and calculate. The d’Alembert’s popularity derived in part from its simplicity:
your bet depended only on the previous round: how much you had bet and
whether the bet had won or lost. Traders, in contrast — even high-frequency
traders — have access to an immense amount of information about the economy
and about the securities they are trading, as well as the time and resources to
use it. This only increases the possibilities for self-delusion. The more you know,
the more plausibly you can attribute momentary success to having interpreted
some particular information more wisely than other market participants.
The martingales we study in this section do not use information from outside
their betting game, but they use more information from within the game than
the d’Alembert did. Instead of considering only the outcome of the previous
bet, they look at the net result of their bets so far, adjusting the size of their
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next bet depending on how well or poorly they are doing.
Another difference between the casino and a financial market is that randomness is less well defined. In a respectable casino, the probabilities are usually
known and undisputed. In a financial market, probabilities are only theoretical. Scholars and sophisticated traders create and use probability models for
the movement of prices, but these are only models, and skeptics can always
argue that an unwelcome implication of a model represents a point of difference
between the model and the reality modeled. For simplicity, and in order to minimize theoretical assumptions, we base our probability models so far as possible
on the historical record of returns for the financial instruments we consider.
We use these returns to create hypothetical price trajectories. We complete
our models by assuming that the trader is moving randomly in some way, even
though they may think they are acting on relevant information.
We consider three financial markets in which a trader might martingale. In
§4.1, we consider a trader who bets every day on whether the S&P 500 will go
up or down by taking a position in S&P 500 futures. In §4.2, we consider a
trader who tries to beat the S&P 500 index by picking each day an individual
stock that she thinks will do better than the index that day. In §4.3, we consider
a trader who sells volatility by going short in VIX futures.

4.1

Betting on the ups and downs the S&P 500

One of the most popular futures products is the Chicago Mercantile Exchange’s
E-mini futures on the S&P 500 index. Contracts in this market are issued four
times a year. At expiration, each contract is worth 50 times the current value of
the S&P 500 index. So (1/50)th of the current price of the contract is called the
“futures price”. For the contract closest to expiration, the “front contract”, the
futures price is of course usually very close to the index. The contracts trade
nearly 24 hours a day from 6 pm Sunday to 5 pm Friday, New York time. The
market is closed each trading day between 5 pm and 6 pm, while a settlement
price is calculated and posted.
Only members of the Chicago Mercantile Exchange trade directly on the
exchange. Most individuals trade through brokers, on margin. They pay into
their margin account with the broker a fraction of the value of each contract in
which they take a long or short position. Margin requirements vary from broker
to broker and change from time to time in response to changes in the level and
volatility of the index. The maintenance margin, required for keeping a long or
short position in one contract open from the opening of the market at 6 pm to
closing the next day at 5 pm, is typically about five times the futures price, or
one-tenth the price of a contract.5 The initial margin is typically 10% higher.
Margin accounts are marked to market continuously. Suppose Jane is long
one futures contract, the futures price is F , her broker’s maintenance margin is
a, and she has b > a in her margin account. If the price drops to F ′ , then the
5 We will not consider the smaller intraday maintenance margin required for long positions
during the working day.
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Table 5: Average daily behavior of the S&P 500 E-mini for the 6,050 trading days from 1998 through 2021. Here % return = 100(S−O)/O, % drop =
100(0−L)/O, and % rise = 100(H−O)/O, where O, L, H, and S are the opening,
low, high, and settlement prices for the day. Statistics on the S&P 500’s returns
for the same 24 years (in this case, the return is the percent change from one
day’s closing to the next) are included for comparison.

Mean
Std Dev
Minimum
Maximum
Skewness
Kurtosis

S&P
% return
0.04
1.14
−10.03
12.22
−0.01
13.56

S&P 500 index
500 E-mini
% rise % drop
% return
0.71
0.74
0.04
0.82
0.91
1.23
−11.98
0
0
12.70
10.90
11.58
4.11
3.54
−0.17
32.53
21.77
10.21

value of her position and the amount in her account both drop by 50(F − F ′ ). If
b − 50(F − F ′ ) ≤ a, then Jane receives a margin call from the broker, requiring
her to add what is needed to bring the account up to the maintenance margin.
If she fails to do so quickly, the broker will close her position, so that she absorbs
the loss even if the futures price goes up again.6
To study martingaling in the S&P 500 E-mini, we use daily data on the front
contract provided by Refinitiv for the 24 years 1998 through 2021.7 These data
include the contract’s opening price, highest price, lowest price, and settlement
price for each day, as well as the trading volume and the number of contracts
not closed. Approximately 54% of the returns calculated from this data are
positive. Table 5 provides some summary statistics.
We construct a hypothetical probability distribution for a year-long sequence
of daily futures prices F0 , . . . , F252 by sampling from the 6,050 returns: we
sample 252 returns R1 , . . . , R252 without replacement, and we set F0 = 1 and
Fn = Fn−1 (1 + Rn ) for n = 1, . . . , 252.
Suppose Jane predicts at the beginning of each trading day whether the
futures price will go up or down and goes long or short accordingly. We assume
that although she thinks her predictions are based on insights others do not
have, they are actually random: she goes long with probability one-half and
short with probability one-half. She will lose money on average, because the
futures prices go up more often than down. But she can achieve an impressive
positive expected return.
We assume that during each trading day Jane’s broker requires a maintenance margin that is 5 times the opening futures price (and does not change
during the day) and an initial margin 10% greater: 5.5 times the opening price.
We consider two possibilities: (1) Jane limits her bet to just one contract
6 For

further details, see [3] and other textbooks on investments.
CALCSERIESCODE 8539, DATASTREAM DSMNEMONIC ISMCS00

7 DATASTREAM
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each day, and (2) she plays a more explicit martingale, taking larger positions
when behind and smaller when ahead. In both cases, she stops when she has
attained a given goal for her return or after 252 days, whichever comes first.
Martingaling with one contract. Here we assume that Jane limits her
position each trading day, whether it be long or short, to just one contract. She
closes the position at the settlement price at the end of each day, and she takes
her next day’s position at the opening price. This being a newly taken position,
she adds to her margin account if necessary to make sure it meets the broker’s
initial margin requirement for that day.8 But she does not withdraw any money
from the account until she has stopped trading for the year.
Jane may also need to deal with margin calls during the day. The data we
are using tells us whether a margin call occurs on a given day, because it gives
the maximum drop and the maximum rise of the futures price during that day.
By definition, the resulting drawdown is
(
50 × (maximum drop) if Jane is long one contract,
drawdown =
50 × (maximum rise) if Jane is short one contract.
She receives a margin call if the drawdown brings her account below the maintenance margin. She then adds just enough to the account to bring it up to this
maintenance margin.9
This scenario is a reasonable approximation to what could be done in practice, but it is not entirely realistic. It is only in retrospect, at the end of the day,
that Jane would know for sure the value of the drawdown, and the maintenance
margin might be violated too early in the day for a margin call to be implemented. We are also neglecting other details. We are ignoring, for example,
interest on the loan being made by the broker and other transaction fees.
Table 6 shows what happens on average when Jane stops when she has
achieved a return of at least 20% or after 252 trading days, whichever comes
first. With this stopping rule, she has a positive return 83% of the time; she
stops on average after 73 days. Her expected return is 15%. Figure 8 shows the
bimodal distribution of returns: a large mode above 20% and a smaller mode
below −60%.
The values for the mean, standard deviation, and 5% and 95% points in
Table 6 are estimates. The values for the minimum and maximum, on the other
8 Normally a trader who does not close their position at the end of the trading day is not
required to bring their account up to the initial margin at the beginning of the next trading
day; having the maintenance margin in the account is enough. Jane could take advantage of
this on days when she does not switch from long to short or from short to long. For simplicity,
we ignore this possibility.
9 To test our results’ sensitivity to these assumptions, we explored an alternative scenario
in which Jane brings her account up to the day’s initial margin when she receives a margin
call. This guarantees that the account will also have enough funds to cover the next day’s
maintenance margin, and we assumed that the broker accepts this as adequate even if Jane
shifts from long to short or vice versa. The results from this alternative scenario were nearly
identical to the results reported in Table 6 and Figure 8.
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Table 6: Jane randomly goes long or short in one E-mini S&P 500 futures
contract for up to 252 trading days, stopping early if and when she achieves a
20% overall return. The estimates here are based on from 1,000,000 replications,
where returns are sampled from the 6,050 historical returns. The martingaling
effect comes partly from her stopping when she is ahead, partly from her need
to bolster her margin account when she falls behind. On average, she increases
her initial investment of 5.5 to 9.4.
Mean
Std dev
5%
95%
Minimum
Maximum

R
G
0.15
0.0
0.30
5.1
−0.60 −12.4
0.42
3.4
−0.90 −61.0
1.31
11.4

K
9.4
5.7
5.5
22.1
5.5
68.0

days
73
94
2
252
1
252

P(R > 0) = 0.83
M = 0.15

hand, should be thought of merely as bounds; presumably more extreme values
would appear if we made even more that a million replications. In particular,
75.8 is a lower bound for K. But since E(G) is zero to two decimal places, we
see in any case that the expected strategy return E(G/K), is also zero.
Playing a quasi d’Alembert with E-micros. In addition to the E-minis,
the CBOE now also issues E-micros on the S&P 500, which have only one-tenth
the value of the E-mini. By using E-micros, we can play a variation of the
d’Alembert. Begin with one E-mini as the bet size. Then increase by one Emicro whenever you are behind, and decrease by one E-micro whenever you are
ahead, except that you never decrease the bet below one E-mini.
Table 7 shows results of playing this quasi d’Alembert with several different
stopping rules. Jane again plays a maximum of 252 days, stopping when she
reaches a certain goal g for her return, but she now also stops if the next bet
required by the strategy would make the total capital K she puts on the table
exceed a certain limit K. Here we see the usual rule of martingaling: if you can
just keep playing when you are behind, risking more and more, you will have
probabilities of success rivaling the d’Alembert.

4.2

Picking stocks

Some day traders believe that they can predict the daily price changes of individual firms. To see how martingaling might reinforce this belief, we now
imagine that Jane chooses every day a firm from the S&P 500 to hold during
the day. We imagine that she can hold fractions of shares, but we require her
to use her own funds, without buying on margin or otherwise borrowing money.
How well can she beat the market by martingaling?
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Table 7: Jane again randomly goes long or short in S&P 500 futures. She again
begins with on E-mini, but now she plays a quasi d’Alembert with E-micros,
as described in the text. She plays for up to 252 trading days, stopping earlier
if and when she achieves a given return g or she cannot bet again without
committing more than a certain limiting capital K. In each case, the estimates
here are based on 100,000 replications, where returns are again sampled from
the 6,050 historical returns.
G

K

days

K ≤ 55
g = 0.10

Mean
0.12
Std dev 0.20
Min
−1.15
Max
1.21
5%
−0.40
95%
0.33

R

−0.1
7.6
−60.0
48.4
−21.6
5.6

14.8
14.6
5.5
55.0
5.5
53.4

17
20
1
213
1
53

P(R > 0) = 0.92
M = 0.14

K ≤ 55
g = 0.20

Mean
0.17
Std dev 0.27
Min
−1.14
Max
1.33
5%
−0.48
95%
0.43

−0.2
10.2
−59.7
59.2
−25.3
9.8

18.9
17.1
5.5
55.0
5, 5
54.2

30
30
1
252
2
54

P(R > 0) = 0.86
M = 0.19

K ≤ 550
g = 0.10

Mean
0.16
0.0
Std dev 0.13
26.0
Min
−1.05 −545.9
Max
1.22
19.4
5%
0.10
0.6
95%
0.34
11.1

24.3
55.9
5.5
550.0
5.5
95.3

25
46
1
252
1
95

P(R > 0) = 0.98
M = 0.16

K ≤ 550
g = 0.20

Mean
0.24
−0.1
Std dev 0.17
36.1
Min
−1.08 −540.7
Max
1.33
200.1
5%
0.20
1.1
95%
0.44
23.9

36.5
72.7
5.5
550.0
5.5
194.3

46
64
1
252
2
194

P(R > 0) = 0.96
M = 0.25
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Figure 8: Distribution from randomly going long or short one futures contract
on the S&P 500 for up to 252 trading days, stopping as soon as you have a 20%
overall return. See also Table 6.

To investigate this question, we use CRSP data to calculate daily returns for
firms in the S&P 500 for the years 1980 through 2021. Some data is missing,
but for each day and each firm for which we have the data for that day, we
calculate the market capitalization at the previous trading day’s close and the
return for the day, including any dividends. We then use this information to
create a wealth index for each year.
To express this more precisely, let N be the number of trading days in the
year, and let kn be the number of firms for which we have the required data
on day n. Number these firms 1, . . . , kn . Let pn,i be firm i’s share of the total
capitalization of the kn firms at the beginning of day n, and let rn,i be firm i’s
return during day n. We define our wealth index W by choosing an arbitrary
initial value, say W0 = 1,000,000, and then setting
Wn = Wn−1

kn
X

pn,i rn,i

i−1

for n = 1, . . . , N .
We use W as the numeraire with which to measure the success of Jane’s
martingaling. This is natural if she holds wealth with which she is not martingaling in W , rebalancing every day so that pn,i is the fraction in firm i at
the beginning of day n. (In other words, she distributes across the market any
capital gains, losses, or dividends she receives from holding shares of each firm.)
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Let us suppose that Jane martingales by withdrawing some amount from W
every day and investing it in a particular firm; say she invests cn , in units of W ,
in firm i during day n. The value of this investment at the end of day n, again
in units of W , will be
p′n,i
,
cn
pn,i
where p′n,i is the fraction of W due to firm i at the end of the day:
p′n,i =

Wn−1 pn,i rn,i
pn,i rn,i
.
= Pkn
Wn
j=1 pn,j rn,j

(Because the firms in the index may change, p′n,i may not be firm i’s share at
the beginning of the next period.)
She thinks she is choosing a firm that is likely to do better than the market,
but we suppose that in fact she chooses randomly, with probabilities proportional the firm’s current capitalization. In other words, she chooses firm i with
probability pn,i . The expected value of this random investment of cn is
kn
X
i=1

pn,i cn

p′n,i
= cn .
pn,i

So no matter how Jane martingales — i.e., no mater what strategy she uses to
choose cn , she will have zero expected gain relative to the market: E(G) = 0
and E(R) = M.
We track the capital with which Jane is martingaling just as we have done
in other examples. She starts by investing one unit of W : c1 = 1. She puts
additional money on the table as needed, never taking anything off the table
until she is finished for the year. For n = 1, . . . , N , we write Rn for her cumulative return from martingaling at the end of day n: her gain divided by the total
capital she has put on the table. We set R0 = 0.
Mild martingaling. Suppose that on day n Jane invests in her randomly
chosen firm the amount cn = 1/(1 + Rn−1 ) The initial investment is c0 = 1, and
later investments are less than 1 if Jane is doing better than the market and
greater than one if she is doing worse.
Table 8 and Figure 9 show what happens on average with two different
stopping rules. The first rule is to stop when Rn ≥ 0.02, the second is to stop
when Rn ≥ 0.05. In each case, Jane plays until the end of the year if the goal is
not reached. Stopping when Rn ≥ 0.02, Jane has a 90% probability of beating
the market, beating it by more than 1% on average. Stopping when Rn ≥ 0.05,
she has a 79% probability of beating the market, beating it by nearly 2% on
average.
Returns of one or two percent are an order of magnitude smaller than we
saw in trading futures on margin, where we had a tenfold leverage. But the
probabilities in Table 8 show us that a trader is more likely than not to achieve
21

Table 8: Returns relative to the S&P 500 achieved by randomly choosing a
stock every day and investing 1/(1 + Rn−1 ) in it for that day. Based on a total
of 4,200,000 replications — 100,000 per year for each of the 42 years from 1980
through 2021. Because E(G) = 0, the martingale index M is equal to E(R).

Mean
Std Dev
Min
Max
5%
95%

Stop when Rn ≥ 0.02
M = 0.013
P(R > 0) = 0.90
R
G
K days
0.013
0.00 1.16 48
0.067
0.13 0.27 80
−0.612 −4.06 1.00
1
0.855
0.98 6.68 254
−0.159 −0.27 1.00
1
0.057
0.06 1.74
2

Stop when Rn ≥ 0.05
M = 0.020
P(R > 0) = 0.81
R
G
K days
0.020
0.00 1.24 88
0.095
0.17 0.33 97
−0.582 −4.06 1.00
1
0.894
1.00 7.17 254
−0.210 −0.38 1.00
3
0.084
0.10 1.89
2

them in just a few months — and do so several times in a row. Many people
would take this success in beating the market over many months as confirmation
that they have more insight into the market than the other speculators with
whom they are competing.
More aggressive martingaling. We can obtain larger returns by multiplying the bet size at each step. In order to avoid excessively large or small bets,
we bound the bet below by 1 and above by 20:


if cn−1 /(1 + Rn−1 ) < 1
1
(8)
cn = cn−1 /(1 + Rn−1 ) if 1 ≤ cn−1 /(1 + Rn−1 ) ≤ 20


20
if cn−1 /(1 + Rn−1 ) > 20
Table 9 shows simulation results for the goals Rn ≥ 0.02 and Rn ≥ 0.05;
as before the strategies stop at the end of the year if the goal is not reached
by then. The probabilities of success here rival those of the d’Alembert. The
expected returns, approximately 3 and 5 percent relative to the S&P 500 are
also impressive.

4.3

Selling volatility

The CBOE Volatility Index (ticker symbol VIX) was created in 1990. Calculated
from prices for calls and puts on the S&P 500, it is designed to measure the
market’s expectation of the S&P index’s volatility over the next 30 days. It is
scaled to resemble an annualized standard deviation of the S&P 500, and it has
fluctuated around an average value of about 20. This fluctuation, depicted in
Figure 10, highlights the mean-reverting nature of stock-market volatility and
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Figure 9: Returns relative to the S&P 500 achieved by randomly choosing a
stock every day and investing 1/(1 + Rn−1 ) in it for that day, stopping at
Rn ≥ 0.02. See Table 8.

Table 9: Returns relative to the S&P 500 achieved by randomly choosing a stock
every day and investing according to (8) in it for that day. Based on a total
of 4,200,000 replications — 100,000 per year for each year from 1980 through
2021. Because E(G) = 0, the martingale index M is equal to E(R).

Mean
Std Dev
Min
Max
5%
95%

Stop when Rn ≥ 0.02
M = 0.029
P(R > 0) = 0.98
R
G
K
days
0.029
0.00
3.28
24
0.035
0.83
5.65
42
−0.649 −38.39 1.00
1
0.966
20.00 59.11 254
0.020
0.02
1.00
1
0.060
0.44
20.93 21
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Stop when Rn ≥ 0.05
M = 0.050
P(R > 0) = 0.94
R
G
K
days
0.049
0.00
5.41
58
0.057
1319
7.76
70
−0.663 −38.62 1.00
1
0.967
18.82 58.25 254
−0.039 −0.88 1.00
3
0.087
1.16
23.80 24

Figure 10: The VIX measures the market’s expectation about the S&P 500’s
volatility over the next
thirty days. Its movement
since its inception in 1990,
shown in this graph, illustrates the mean-reverting
nature of the stock market’s
volatility. Source: CBOE’s
website.
suggests a simple strategy for speculation: when volatility is unusually high or
low, bet that it will revert.
Because declines in stock prices are correlated with volatility, investors often
try to hedge against declines by buying volatility. Economic theory suggests
that this hedging, like any insurance, will involve paying a premium, which will
be collected by those selling volatility. So a tempting way to speculate on mean
reversion is to sell volatility when it goes above its mean. As Figure 10 suggests,
this is dangerous; volatility’s volatility has been greatest when volatility is high.
Research suggests, moreover, that the premium actually falls around periods of
market stress [5].
Selling volatility is a form of martingaling. You hope to collect a steady
premium, but rollover costs (and margin calls if you are trading on margin)
sometimes require you to invest more when you are behind. The net result,
as in the casino, can be a high probability of modest gain balanced by a small
probability of large loss.
The most famous example of martingaling by selling volatility is the downfall
of Long-Term Capital Management in 1998. Their bets were huge, complicated,
and hugely leveraged. In the end, only the Federal Reserve could see the martingale through to a profit [8, 15, 12].
In 1998, individuals would have found it difficult to imitate Long-Term Capital Management’s martingaling. But the CBOE subsequently made it easier
to trade in volatility by establishing a futures market in the VIX. They issued
their first futures contracts on the VIX (ticker symbol VX) on March 26, 2004.
Table 10 provides some information on the closing prices of VX and the values
of the VIX beginning in 2005, when the VX market was well established.10
Martingaling with VX The martingale index may help us bring the allure
and danger of VIX futures into better focus. To define a strategy and a proba10 The VX data summarized in Table 10 and used in our martingaling experiment are
from Refinitiv; Series Name CFE-VIX INDEX CONTINUOUS; CALCSERIESCODE 13396;
DATASTREAM DSMNEMONIC CVXC00. Table 10’s statistics for the VIX are from the
CBOE.
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Table 10: Average daily behavior of the VIX and of VX (VIX futures) for the
4344 trading days from January 3, 2005 through April 1, 2022. The percentages
for VX are computed as in Table 5.

Mean
Std Dev
Minimum
Maximum
Skewness
Kurtosis

VIX
level level
19.32 20.20
9.24
7.78
9.01 11.15
82.69 70.48
2.49
1.93
8.63
5.13

VX
% return % rise % drop
−0.11
2.73
2.41
4.05
3.90
2.37
−23.27
0.00
0.00
−86.50
95.00
33.94
3.38
8.21
3.31
55.92
139.19 23.94

bility distribution for which we can calculate a martingale index, let us imagine
that Jane begins observing the price of the front VX contract on a random day
between January 3, 2005, and April 5, 2021. She goes short in one front contract
if and when she sees that the price has doubled since she began observing. She
maintains her short position in one front contract until the volatility returns to
the level she observed at the beginning.
Most of Jane’s 4,093 possible starting days are not followed by a doubling,
but 1206 are. The probability distribution in this imagined experiment assigns
these 1206 days equal probability.
Because of the high volatility of the VX, margin requirements are relatively
high. For simplicity, we assume an initial margin of 60% and a maintenance
margin of 50% during the entire period. As usual, we neglect transaction costs,
and we even assume that Jane’s broker allows her to roll her position over when
a front contract expires without any additional capital beyond the maintenance
margin. Further simplifying, we suppose that Jane can buy fractional contracts,
and we measure capital as multiples of the VX price when Jane begins observing
the market. Thus the front contract price is 1 when she begins observing. If
and when it reaches 2, she invests 1 unit of capital in a short position; this puts
her short 1/(0.6 × 2) contracts. She closes the position when the price gets back
down to 1 or after 252 days, whichever comes first.
The results, shown in Table 11 and Figure 11, are consistent with the premise
that a short position in VX makes money on average. Jane makes money 87%
of the time. The results of our experiments with S&P 500 futures and with
stock picking suggests that we could bring the 87% up to d’Alembert levels by
adding deliberate martingaling.
How much of Jane’s success is due to martingaling? We see from the table
that the margin calls require Jane to double her investment on average, from
1 to 2. The expected return is 30% and the martingale index is 4.9%. Using
these numbers, we might say that the martingaling is responsible for a sixth
of the expected return. But the 30% expected return is surely a substantial
exaggeration, because it neglects transaction costs and optimistically assumes
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a constant maintenance margin of 50% even when volatility is high.
Under our model, the greatest capital the strategy puts on the table is 5.6.
So the expected strategy return is E(G/K) = 0.38/5.6 = 6.8%. This is based
only on the actual history, and we can easily imagine other scenarios in which
the strategy we are analyzing would require an even larger capital. These scenarios would have a very small probability. Or perhaps we should say that the
idea that they have a precise objective probability is illusory [2]. In any case,
our experiment does not make a strong case for a positive expected strategy return, as opposed to a positive expected return due to martingaling, for someone
shorting the VIX.
The puzzle of exchange traded products based on VIX futures. Once
the market in VIX futures was established, financial firms used these futures to
create exchange-traded volatility products that make it even easier for individuals to trade in volatility [6, 17]. Some of these products offer long exposure to
volatility; some offer short exposure. Long-Term Capital Management’s spectacular volatility-selling failure has now been rivaled in size and surpassed in
velocity by the “Volmageddon” incident of February 5, 2018, when the VIX
more than doubled and popular exchange-traded products that offered short
exposure lost billions of dollars. The amplitude of the spike in the VIX in the
Volmageddon incident was apparently due to a feedback loop created by the
hedge and leverage rebalancing of the firms offering short exposure [1]. Karafil
Todorov has argued that the effect of such rebalancing on futures prices of the
VIX and commodities is not limited to such isolated incidents [20].
Do the VIX-based exchange-traded products offer economic value to individuals? They do not appear to have been successful in hedging against market
declines, and efforts to identify their economic value have found it only in dynamic trading strategies that would be difficult for individuals to implement [6].
Yet there is evidence that individuals are the dominant users of these products.
Todorov reports that the fraction of VIX-based exchange-traded funds held by
institutions in the period 2009–2018 was less than 24% [20, p. 11].
Robert Whaley has estimated that between 2005 and 2012 investors lost
about $3.89 billion by buying volatility through exchange-traded products [21,
p. 106]. The inverse products, which enable investors to sell volatility, have lost
$57.4 million. These amounts seem to be roughly proportional to the size of
the two markets. Whaley reported that the market value of direct products in
March 30, 2012 was $2.50 billion, while the market value of the inverse products
was $48 million.
Why do individuals pour so much money into the exchange-traded products
in spite of their disastrous performance? “Unfortunately,” Whaley wrote in
2013, “it seems that investors believe that they are buying the CBOE’s popular
market volatility index, the VIX [21, p. 95].” The products usually guarantee
daily returns that multiply the returns of VIX futures by some fixed constant
κ, which may be positive or negative; negative values corresponding to a short
position. As Colby J. Pessina and Whaley explain a more recent article [16], if
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Figure 11: Jane’s returns on maintaining a short position in one VX contract.

κ ̸= 1, the compounding produces returns for periods longer than one day that
are related in random ways to the returns of a levered or short position in the
futures. As they conclude,
These products are not helpful in generating new asset classes worthy of considering as long-term investments nor are they effective
hedging instruments over periods longer than a day. They are simply means of gambling on short-term price predictions.
Why do so many individuals believe they can succeed with such short-term
betting? Perhaps many of those lured by the VIX’s obvious mean reversion
linger in the exchange-traded products much longer than they should because
they succeed at first by martingaling.

5

Conclusion

Finance is about betting. This was once something to be denied or obfuscated,
but fashions have changed. Now financial exchanges invent new betting markets
and tout them as a social good. This makes it all the more important that the
pitfalls of betting be taken into account in the finance literature and taught to
finance practitioners and the wider public. The martingale index provides a
tool for this research and teaching.
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Table 11: Jane randomly chooses a day January 3, 2005, and April 5, 2021,
waits until the VX has doubled, then holds a short position in one VX contract
until it has returned to its position before the doubling or until the end of 252
days.
Mean
Std dev
Minimum
Maximum
5%
95%

R
G
K
0.30
0.38 2.0
0.29
0.38 1.3
−0.49 −2.22 1.0
0.83
0.83 5.6
−0.11 −0.24 1.0
0.83
0.83 4.9

days
115
63
1
251
13
5

P(R > 0) = 87%
M = 4.9%

Financial research should be alert to martingaling. The martingale
index is a property of strategies, and we seldom have data from which we can
infer strategies that traders have followed. It may even be unusual to observe
a trajectory of bets and their outcomes. But we can sometimes hypothesize
martingaling strategies and use their martingale index to gauge the extent they
can account for apparent but fleeting success in the market.
Attention to the possibility and even inevitability of martingaling reveals
limits on the usefulness of the concept of expected return. A positive expected
return for a financial instrument or position — even a positive expected logarithmic return — does not necessarily tell us that those holding the position are
extracting wealth from their counterparties on average. If the expected return is
a result of martingaling, then it hides occasional large and perhaps catastrophic
reckonings.
When steady modest gains are balanced by occasional large losses, an observed average gain may be a poor estimate of expected gain. But when you
are martingaling, the misleading nature of an observed average return is more
than a matter of inadequate estimation. Solving (2) for E(G), we obtain
E(G) =

E(R) − M
.
E(1/K)

(9)

This reminds us that a positive expected return does not imply a positive expected gain. This insight is simply arithmetic and in this sense more fundamental than insights gained through economic modelling.
As we have seen, martingaling may be necessary just to maintain a position.
So we should think about the possibility of martingaling whenever we see steady
gains attributed to maintaining a position, especially if we see negatively skewed
returns like those in Figures 6, 8, and 9. Examples include the carry trade [4]
and the sale of out-of-the-money options [13].
The public should be alert to the dangers of martingaling. Both financial practitioners and the general public need to understand the deceptive
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nature of martingaling. Too many people, often apparently well trained and
even experienced in the finance industry, deceive themselves with its apparent
success and live to regret it. The Long-Term Capital Management fiasco showed
that even Nobel prize winners can be among their number. With the advent of
affordable risk instruments such as the E-micros, financial martingaling becomes
a danger for investors with modest means. Sophistication about martingaling
is needed. The topic should find its place even in the elementary teaching of
finance.
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